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ABSTRACT
As the sigma-p coordinate under hydrostatic approximation can be interpreted as the mass coordinate without the
hydrostatic approximation, we propose a method that upgrades a hydrostatic model to a nonhydrostatic model with relatively
less effort. The method adds to the primitive equations the extra terms omitted by the hydrostatic approximation and two
prognostic equations for vertical speed w and nonhydrostatic part pressure p’. With properly formulated governing equations,
at each time step, the dynamic part of the model is first integrated as that for the original hydrostatic model and then
nonhydrostatic contributions are added as corrections to the hydrostatic solutions. In applying physical parameterizations after
the dynamic part integration, all physics packages of the original hydrostatic model can be directly used in the nonhydrostatic
model, since the upgraded nonhydrostatic model shares the same vertical coordinates with the original hydrostatic model. In
this way, the majority codes of the nonhydrostatic model come from the original hydrostatic model. The extra codes are only
needed for the calculation additional to the primitive equations. In order to handle sound waves, we use smaller time steps in the
nonhydrostatic part dynamic time integration with a split-explicit scheme for horizontal momentum and temperature and a
semi-implicit scheme for w and p’. Simulations of 2-dimensional mountain waves and density flows associated with a cold
bubble have been used to test the method. The idealized case tests demonstrate that the proposed method realistically simulates
the nonhydrostatic effects on different atmospheric circulations that are revealed in theoretical solutions and simulations from
other nonhydrostatic models. This method can be used in upgrading any global or mesoscale models from a hydrostatic to
nonhydrostatic model.
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1. INTRODUCTION
The primitive equations used as governing equations in
atmospheric hydrostatic models include hydrostatic approximation that replaces the vertical momentum equation by
the hydrostatic balance equation. The approximation is very
accurate when vertical velocity, and hence vertical acceleration, is very small. The hydrostatic approximation not
only simplifies the governing equations but also eliminates
sound waves from the solution to avoid the necessity in
handling those fast moving waves in time integration. However, if one needs to simulate atmospheric circulation with
strong vertical motions, such as thunderstorms or hurricanes, a nonhydrostatic model may be desired. In this paper,
* Corresponding author
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we describe a method that extends a hydrostatic model to a
nonhydrostatic model by adding the terms and equations
neglected by the hydrostatic approximation to the primitive
equations as corrections to the dynamic part solution at each
time step. With this approach, the model can be run as a hydrostatic or nonhydrostatic model depending upon the user’s
choice for applications. The only approximation made in
this method is to linearize the pressure tendency equation to
formulate a stable scheme for the nonhydrostatic part time
integration. Since sound wave prediction may be distorted
by linearization, nonhydrostatic models developed by this
method are not suitable to simulate sound wave dominated
phenomena. However, they should be perfectly adequate for
numerical weather prediction (NWP) since sound waves
play an insignificant role on weather changes.
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For a given temperature profile, the hydrostatic approximation makes height and pressure monotonically depend
on each other so that pressure can be used as a vertical coordinate. To better handle bottom boundary conditions, the terrain-following sigma-p coordinate, defined as s = (p - pTop) /
(pSurface - pTop), is usually used as the vertical coordinate in
hydrostatic models. Laprise (1992) introduced a new concept that if we interpret the hydrostatically balanced part of
pressure as the air mass weight above the area, the sigma-p
coordinate can still be used in nonhydrostatic models and it
is called the mass coordinate. When interpreting the hydrostatic pressure as air mass weight per area, we can formulate
the governing equations for a fully compressible atmosphere
without the hydrostatic approximation in the mass coordinates. Consequently, the governing equations, and hence
the whole codes, of a hydrostatic model can be used as the
major part of a nonhydrostatic model extended from the
hydrostatic model. In the dynamic integration of the nonhydrostatic model, after the hydrostatic tendency has been
calculated the nonhydrostatic tendency from terms and equations omitted by the hydrostatic approximation can then be
added to complete the time step. This correction type time
integration for the dynamic part works as the time splitting
integration, with which different terms are integrated by different numerical methods. In the physics part time integration after the dynamic integration at each time step, all
physical parameterization packages of the original hydrostatic model can be directly applied for the nonhydrostatic
model as they share the same vertical coordinate. The challenge in this approach is to organize the governing equations
into a form that hydrostatic and nonhydrostatic terms are
separable, and to select proper prognostic variables and
numerical schemes for which the time integration is stable
and efficient. The Weather Research Forecasting (WRF)
model also uses mass coordinates in its two dynamic cores:
NMM developed at the National Centers for Environmental
Prediction (NCEP, Janjic et al. 2001) and ARW developed
at the National Center for Atmospheric Research (NCAR,
Klemp et al. 2007). However, we choose different prognostic variables and different numerical methods in handling sound waves. These differences will be discussed in
section 4.
There are other vertical coordinates used in nonhydrostatic models, such as the sigma-z coordinate in the Coupled
Ocean/Atmosphere Mesoscale Prediction System (COAMPS,
Hodur 1997) and the sigma-p* coordinate in the FifthGeneration Penn State/NCAR Mesoscale Model (MM5,
Dudhia 1993) and the Purdue Mesoscale Model (PMM, Hsu
and Sun 2001). The sigma-p* coordinate defines the vertical
coordinate by a reference surface pressure p* that is constant
in time and varies in height only. Therefore, the sigma-p*
coordinate is equivalent to the sigma-z coordinate. The
sigma-z coordinate has an advantage in that the coordinate is
not changed with time. However, the sigma-z coordinate

involves with a rigid upper lid that can artificially increase
pressure or reduce mass (Klemp et al. 2007). In the MM5,
the non-conserving problem is minimized by ignoring diabatic terms in the pressure prediction equation (Dudhia
1993). The mass coordinate is favored over the sigma-z coordinate in the WRF-ARW dynamic core because of mass
conservation and convenience in switching to hydrostatic
integration (Klemp et al. 2007).

2. GOVERNING EQUATIONS
For a hydrostatic model, the primitive equations in the
sigma-p coordinates can be written as:

(1)

(2)

(3)

(4)

(5)
v
v
where d = ¶ + V × Ñ + s& ¶ , ps = psurface, s = p/ps, V
dt
¶t
¶s
is horizontal wind velocity, f is the Coriolis parameter, f =
2Wsinj, f is the geopotential of a sigma-p level, f = gzs v
s
ò RTd ln s, QT is diabatic heating rate, Fr is momentum
1

friction, and S is moisture source. For simplicity we have
chosen pTop = 0 in defining the sigma-p coordinate. Equation (3) is a form of the continuity equation derived from
the transformed continuity equation for any general coordinate h (Kasahara 1974):

The hydrostatic balance Eq. (5) is the vertical momentum
equation with the hydrostatic approximation, i.e., dw/dt »
0. The pressure tendency equation becomes a trivial equation with the hydrostatic approximation (see Appendix)
and the pressure can be diagnosed from the surface pressure ps as p = pss.
To add nonhydrostatic components to the primitive
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equations, we select vertical velocity (w) and the nonhydrostatic part of pressure (p¢), defined as the difference
between total pressure and hydrostatic pressure, as two extra
prognostic variables. Following Laprise (1992), we can
write the governing equations without the hydrostatic approximation in the mass coordinates as:

(6)

culating D3 by Eq. (A7), a trivial equation for the hydrostatic pressure tendency can be obtained by adding the continuity and thermodynamic equations together as:

(13)

By subtracting Eq. (13) from Eq. (12), a nonhydrostatic
pressure tendency equation can be obtained as:

(7)

(14)

(9)

Since Eq. (13) is a trivial equation, it will not be included in
the time integration and the pressure tendency Eq. (12) is
simplified to Eq. (14) under this assumption. We further
linearize Eq. (14) by replacing p¢ in the second term with a
time-independent reference pressure ~
p as:

(10)

(15)

(8)

(11)

where w is vertical speed, p is hydrostatic pressure, p =
¥

(rg)dz, s = p/ps, p is total pressure, p = p + p¢, F = gzs v
s
~
p s ò ds , f = 2Wcosj, I E is a unit vector defined as the
1 r
cross product of the unit vector in y-direction and unit
vector in north-direction, and D3 is three dimensional dir
vergence,
.
ps

ò
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The pressure tendency Eq. (10) involves the very delicate
balance between heating and divergence. We can rewrite
this equation in terms of hydrostatic and nonhydrostatic
pressure as:

(12)

Since p is much greater than p¢ for circulation related to
weather prediction and dp¢/dt is important mainly for sound
waves, we simplify this equation by first assuming the
nonhydrostatic part of pressure plays no significant role on
the hydrostatic part of pressure (or mass) tendency calculation. As demonstrated in the appendix, in the mass coordinates, if only the hydrostatic part of pressure is used in cal-

The first simplification is equivalent to assuming the hydrostatic and nonhydrostatic pressure tendencies are balanced independently. The further linearization made in
Eq. (15) is to formulate a stable semi-implicit scheme for
integrating dw/dt and dp¢/dt equations. By substituting the
pressure-tendency Eqs. (13) and (15) into the thermodyQ
namic equation dT + RT D3 = T , we find the temperadt
Cv
Cv
ture tendency equation to be:

(16)

There fore, we need to add

(~
p - p¢) RTD3
to the temp
Cv

perature tendency equation for energy conservation after
linearizing the nonhydrostatic pressure tendency equation.
With the simplification, the extra terms and equations
added to the primitive equations for a nonhydrostatic model
can be summarized as:

(17)
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(18)

(19)

(20)

(21)

where

waves in the model solution during time integration.
If model integration is selected to include nonhydrov
static components, dry dynamic hydrostatic tendencies æç dV ö÷
è dt øH
and æç dT ö÷ are first calculated by the difference after and beè dt øH
fore the dynamic integration divided by the length of the time
step. Equations (17) to (20) are then integrated with a suitable
method to handle fast moving sound waves. In our development, we use an explicit-split scheme to integrate Eqs. (17),
(18), and the horizontal part Eq. (20) and a semi-implicit
scheme to integrate Eq. (19) and the vertical part Eq. (20).
Since our original hydrostatic model is integrated by a flux
form of Eqs. (1) to (4), we will now express Eqs. (17) and (18)
in a flux form as well. We rewrite the Eqs. (17) to (20) as:

and æç dT ö÷ º
è dt øH

(22)

RT d ln p s denote the hydrostatic tendencies contributed
Cp
dt
(23)

by the dry dynamics and f¢ º F - f denotes the correction
to the geopotential due to nonhydrostatic effects. Equations
(17) to (21) together with Eqs. (1) to (5) form a complete
set of governing equations for a fully compressible atmosphere with the only approximation being to linearize the
pressure tendency equation, which is important to sound
waves only. We found that a choice of ~
p to be 10% of the
standard atmosphere pressure gives very acceptable results
both in idealized case simulations (see below) and real
data forecasts.

(24)

(25)

3. TIME INTEGRATION
For the time integration of the nonhydrostatic model
developed in this approach, the dry dynamic part of the hydrostatic Eqs. (1) to (4) is first integrated as they are done in
the original hydrostatic model. In our original hydrostatic
model, the governing Eqs. (1) to (4) are numerically solved
by fourth order central differencing in the horizontal on staggered C grids and second order central differencing in the
vertical on staggered sigma levels. The vertical staggering
carries vertical velocity at the full levels and all other variables at the half levels. The time integration is conducted
by the leapfrog scheme together with an explicit time-split
scheme (Madala 1981) to handle fast moving gravity waves.
The time-split scheme decomposes gravity wave related
variables, horizontal divergence and pseudo geopotential,
into vertical modes. It then uses the same leapfrog scheme
but smaller time steps to compute corrections to the first few
fast moving modes to maintain their stability. Rather than
damping those fast moving gravity wave modes by an implicit scheme, as is normally done in a semi-implicit scheme,
the Madala scheme includes those fast moving gravity

(26)
where
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(27)
(28)
(29)
and v is the angle between Y and north directions.
The right hand side terms of the above equations are integrated with the time scheme used in the hydrostatic integration, as they are involved with Rossby and gravity waves.
However, the left hand side terms are integrated with the
following methods to han dle sound waves. A forwardbackward scheme with a smaller time step is used in integrating the second and third terms of Eqs. (22) and (23) and
the third term of Eq. (26). In this time integration, the second and third terms of Eqs. (22) and (23) are integrated
forward and then the third term of Eq. (26) is integrated
backward after the winds have been updated. An implicit
scheme with the same small time step of the forwardbackward scheme is used in integrating the second terms
of Eqs. (25) and (26). The implicit scheme integrates these
terms by solving a tri-diagonal matrix. Once p¢ has been
updated to the next regular time step, Eq. (24) can be easily
integrated with dp¢/dt computed from the p¢ change in this
time step. Two or three smaller time steps per regular time
step are usually enough to handle the sound wave integration. The smaller time step integration for the left hand side
terms is illustrated with the following equations:

and

(30)
~ and are a and b weighted by layer thickness
where a
factors associated with the vertical differencing, and p¢n*
and wn* are weighted averages between small time steps n
and (n + 1), i.e., p¢n* = np¢n + 1 + (1 - n) p¢n with 0.5 £ n £ 1
representing the degree of implicitness. A default value of
n = 0.8 is typically used in the integration. As with all variables known at the time steps N and n, u~n + 1 and v~n + 1 can be
easily calculated by Eqs. (27) and (28). Once u~n + 1 and
v~n + 1 are computed, the m term of Eq. (30) can be evaluated
and wn + 1 and p¢n + 1 can be calculated by a tri-diagonal matrix solver after one or the other of them is eliminated
through substitution. We choose to eliminate w for solving
p¢n + 1 withv boundary conditions p¢n + 1 = 0 at the model top
and w = V × Ñzs at the sur face. The linearization made in
Eq. (15) or (20) allows us to formulate Eq. (30) without p¢
involved in the coefficient .

4. COMPARISON WITH THE WRF MODEL

and

where u~ represents (psu), v~ represents (psv), hu and hv represent the second and third terms of Eqs. (22) and (23),
respectively, Hu and Hv represent the right hand side terms
of Eqs. (22) and (23), a and b represent the coefficients of
¶/¶s derivatives in the second terms of Eqs. (25) and (26), I
and J represent the right hand side terms of Eqs. (25) and
(26), and m represents the third term of Eq. (26). For a
given regular time step N, the (n + 1) small time step integration at level k can be written as:

Both dynamic cores of the WRF model use the mass coordinates but with different prognostic variables and numerical methods. Similar to our choice, the NMM core chooses
temperature, rather than potential temperature, as a prognostic variable for convenience in computing the gas law
and applying physics packages. On the other hand, the ARW
core chooses the potential temperature for convenience in
energy conservation. However, the major differences among
the two WRF dynamic cores and our method are in adding
the nonhydrostatic contributions to the primitive equations.
We add w and p¢ as two additional prognostic variables, and
add the third momentum Eq. (19) and nonhydrostatic pressure tendency Eq. (20) as two additional equations to close
the system. The WRF-NMM core adds w and total pressure
p as two additional prognostic variables. However, it adds
three prognostic equations: the third momentum equation,
pressure tendency equation, and the definition of wg = dF
dt
1
RT
together with the constraint of = s + ps ò
ds to acs
p
commodate a complicated time integration method that
splits the dynamic integration into two energy conserving
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subsystems. The method uses an implicit scheme to solve for
w, p, and T, the Adams-Bashforth scheme for the advection
terms, the backward scheme for the pressure gradient force
term, and the trapezoidal scheme for the Coriolis term. The
WRF-ARW core also adds w and total pressure p as two
additional prognostic variables, while it adds the third momentum equation and wg = dF together with the gas law to
dt
close the system. It integrates the governing equations by a
time-split scheme similar to our method described in the
previous section except: (i) it uses a third-order RungeKutta scheme in the large time step integration; (ii) it considers moisture in the density calculation; and (iii) it includes the prediction of mass change in the small time step
integration for sound waves.
As suggested by Laprise (1992), nonhydrostatic equations formulated with the mass coordinates can be solved by
either adding a prognostic equation for pressure or a prognostic equation for the geopotential. Two dynamic cores of
the WRF choose to add the prognostic equation for the geopotential, while we choose to add the prognostic equation
for pressure. The choice of adding the prognostic equation
for pressure makes the terms involved with sound waves
easy to identify for formulating the time-split scheme. On
the other hand, special care must be made to ensure consistency between pressure and mass prediction. We solve this
problem by separating the pressure prediction into mass conservation and p¢ prediction. All three methods discussed
here include some kind of linearization in their numerical
schemes. We linearize the prognostic equation for p¢, the
WRF-ARW core linearizes the gas law when it computes
pressure perturbation in the small time step integration, and
the WRF-NMM core linearizes the coefficient of a secondorder differential equation solved iteratively to close the
implicit scheme for w and p. The WRF-NMM core and our
method use efficient second-order time schemes in the time
integration. Only the WRF-ARW core uses a more expensive higher order time scheme in the time integration. The
third-order Runge-Kutta scheme is very accurate in calculating the advection to preserve the shape of the material transported, which is important for cloud and aerosol modeling.
However, for NWP applications, as our model is designed
for, a second order time scheme is sufficient since major numerical errors come from spatial differencing rather than the
time scheme and a relatively small time step is usually required by the CFL linear stability condition.

5. IDEALIZED CASE TESTS
We have tested this method of extending a hydrostatic
model to a nonhydrostatic model by 2-dimensional (2D)
mountain waves and density flows associated with a cold
bubble. In these idealized tests, the nonhydrostatic model is
modified to be two dimensional with 481 grid points in the

horizontal and 87 levels (for mountain wave simulation) or
77 levels (for cold bubble simulation) in the vertical. The
model is integrated with dry dynamics only. To control
boundary reflection at the model top, we treat the top 15
model layers as sponge layers where second-order vertical
diffusion is applied to u and T, Rayleigh type damping is
applied to w and p¢, and second-order horizontal diffusion
is applied to vertical difference du and dT and p¢. Radiative
type boundary conditions (Orlanski 1976) are used at lateral
boundary points where no gradient is assumed at the inflow
boundary and extrapolation is made at the outflow boundary.
We treat 25 grid points next to each lateral boundary as a
lateral boundary zone where second-order horizontal diffusion is applied to all prognostic variables to control boundary noise. In addition to these boundary treatments, weak
diffusion of the fourth-order in the horizontal and secondorder in the vertical are applied at interior grid points.
In mountain wave tests, we first repeat the 2D mountain
wave simulations conducted by Dudhia (1993) for testing
the MM5. In these numerical simulations, a bell-shaped
mountain hs(x) = h0 [1 + (x / a)2] is used. In this expression, a represents the half width and h0 represents the maximum height of the mountain. Five different half-width
mountains, 100 m, 1, 10, 100, and 1000 km together with h0
= 400 m are selected to test the accuracy of the model in simulating five different characters of linear mountain waves
discussed in Queney (1948) and Dudhia (1993). As in the
MM5 simulations, the grid resolution Dx is 1/5 of the half
width and the time step is proportional to the grid resolution
with Dt = 1 s for Dx = 200 m. Coriolis force is included in all
five simulations with Coriolis parameter f = 1.0 e-4. The initial conditions are in geostrophic and hydrostatic balance
with U0 = 10 m s-1 zonal wind and zero meridional wind everywhere. Temperature and height are initialized with a cong¶q
stant stratification of N0 =
= 0.01 s-1, 300 K surface
q¶z
temperature, and 1000 hPa pressure at ground (z = 0). These
conditions give N 0h0 U0 = 0.4, which corresponds to linear
mountain waves (Laprise and Peltier 1989). The only difference in our simulation setup is that we use 481 grid
points in the horizontal direction and 87 levels in the vertical. The dispersive nature of the nonhydrostatic mountain
waves causes large amplitude waves to propagate into model
boundaries. As very crude boundary condition treatments
applied at the top and lateral boundaries, we need more grid
points in the model domain to ensure the boundary noise will
be kept far away from the region where we are looking for
steady solutions. The vertical resolution is 13 hPa in the
bottom 60 levels and is gradually reduced to 7 hPa in top 16
levels. With this selection the sponge layer is above 105 hPa
(approximately 12.2 km.)
For convenience in comparison, we plot our simulation
results at 2160 time steps in the same way as that presented
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in the MM5 simulations, i.e., 50 grid points in each side of
the mountain peak and up to 10 km from the ground with the
400 m mountain at the surface. Figure 1 shows the vertical
velocity of the five mountain wave simulations from our
nonhydrostatic model. The simulations capture the characteristics of the linear mountain waves from theoretical and
numerical studies (Queney 1948; Dudhia 1993); that is, that
the wave is evanescent for a = 100 m, downstream propagation for a = 1 km, upright for a = 10 km, influenced by
the inertial force for a = 100 km, and non-stationary for a =
1000 km. The flow pattern, wave length, and wave amplitude all agree well with the MM5 simulations. To examine
the nonhydrostatic effects on these steady mountain waves,
we have conducted the same experiments but without
nonhydrostatic contributions (Fig. 2). The results clearly
show that nonhydrostatic effects are significant mainly for
cases with N 0a U0 £ 1, as predicted by early theoretical studies (Laprise and Peltier 1989). To check the impact of the
free-slip lower boundary condition on the nonhydrostatic
mountain waves, we conduct another 1 km half-width
mountain simulation with viscosity. The viscosity is modv v
eled by the surface stress ts = CdV ïVï, with Cd = 0.01, and
free atmosphere stress t = k ¶V , with k = 0.001, at the bot¶s
tom ¼ sigma levels. The viscosity does not change the main
characteristics of the moun tain wave, except to significantly reduce the wave amplitude (Fig. 3) and make the solution converge very slowly to a quasi-steady state (not
shown). The result is consistent with the theoretical studies
in that characteristics of linear mountain waves are determined by U0, N0, a, and f, but not viscosity.
In the second mountain wave test, we compare the surface pressure perturbation of simulated mountain waves
with that computed by a linear theory (Queney 1948; Hsu
and Sun 2001). Following Hsu and Sun (2001), we use a
10 m high mountain to integrate our 2D nonhydrostatic
model to a steady state and multiply the pressure perturbation by 100 to compare it with the analytic linear solution for
a 1000-m high mountain. In this integration, the Coriolis
force is not included and the same model setup for 1-km half
width without viscosity is used. The integration is made for
12960 time steps to ensure a steady state solution is reached.
Since pressure is a prognostic variable in our model, we can
easily calculate surface pressure perturbation as the sum of
the nonhydrostatic and surface hydrostatic pressure perturbations, i.e., dps = (ps - ps0 + p¢) where ps0 is the initial hydrostatic pressure at the surface. The simulated surface pressure perturbation matches well with the analytic solution
computed by Hsu and Sun (2001) and the vertical velocity of
the linear wave simulation is very similar to the 400-m
height solution in Fig. 1b, but the amplitude is about 40
times less (Fig. 4).
To simulate density flows associated with a cold bubble,
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we set up a numerical experiment following Straka et al.
(1993) and Janjic et al. (2001). The initial conditions are
specified as an atmosphere at rest with 1000 hPa pressure at
the ground and hydrostatic balance above. The initial temperature is specified with a neutral mean stratification of
300 K potential temperature everywhere and temperature
perturbations of a cold bubble, DT(x, z) = -15cos2 (pL / 2),
added at the domain central area of L < 1, where L =
[(x - xc ) xi ]2 + [(z - zc ) zi ]2 , xc = 0 m, zc = 3000 m, xi =
4000 m, and zi = 2000 m. The 77 vertical levels for this test
are selected to have 15 sponge layers above s = 0.442 (approximately 6.5 km) with a vertical resolution varying from
5 to 18 hPa. We use 100-m horizontal resolution and 0.3 s
time steps in this nonhydrostatic simulation and apply second-order diffusion in both horizontal and vertical directions using the diffusion coefficient K = 75 m2 s-1 as in Straka
et al. (1993) and Janjic et al. (2001). The cold potential temperature perturbations from our 2D nonhydrostatic simulations at initial time, 300, 600, and 900 s are displayed in
Fig. 5. The area shown extends from the model domain center to 19.2 km to the right, and from the ground to 4.8 km.
The minor computational noise on zero contours is due to
numerical errors associated with the non-positive definite
schemes used in our model for NWP applications. The horizontal and vertical wind components after 900 s are displayed in Fig. 6 with the same setting. The nonhydrostatic
simulation agrees well with the results from the two previous
studies that the density flow exhibits one rotor after 600 s
and three rotors after 900 s generated by the KelvinHelmholtz instability. We also check the nonhydrostatic
effects on this falling cold bubble by conducting a hydrostatic simulation without the nonhydrostatic components. In
this hydrostatic simulation, we have to use a shorter time
step of 0.1 s for the same grid resolution due to very large
vertical motions generated at initial periods by assuming the
hydrostatic balance. Figures 7 and 8 show the hydrostatic
simulations that correspond to Figs. 5 and 6, respectively.
No rotors are generated in the model simulation without the
nonhydrostatic components. The Richardson number of the
hydrostatic simulation after 300 s is about 0.7, which is too
large for the Kelvin-Helmholtz instability. Hydrostatic approximation severely distorts the cold bubble simulation at
the initial period of falling when the downward vertical velocity is accelerated by negative buoyancy. In this early period, the hydrostatic simulation gives too fast falling and too
noisy density flows (Fig. 9), as is expected when the hydrostatic assumption is violated.

6. SUMMARY
By interpreting the hydrostatic part of pressure as air
mass weight above an area, the primitive equations in the
sigma-p coordinates can be directly used to form the major
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(a)

(b)

(c)

(d)

(e)

Fig. 1. Vertical velocity of nonhydrostatic and hydrostatic mountain wave simulations after 2160 time steps for 400-m mountains of half-width (a) 100 m,
(b) 1, (c) 10, (d) 100, and (e) 1000 km. The contour intervals are 6 m s-1, 30 cm s-1, 7 cm s-1, 4 mm s-1, and 0.3 mm s-1 with dash contours for negatives.
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(a)

(b)

(c)

(d)

(e)

Fig. 2. Same as Fig. 1, except for hydrostatic simulations without the nonhydrostatic contributions.
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(a)

(b)

(c)

(d)

Fig. 3. Mountain wave simulations with viscosity for 1-km half-width hill at 2160 time steps: (a) vertical velocity from nonhydrostatic, (b) zonal
wind perturbation from nonhydrostatic, (c) vertical velocity from hydrostatic, and (d) zonal wind perturbation from hydrostatic runs. The zonal
wind perturbation is the wind deviation from initial 10 m s-1 mean wind. Contour intervals are 30 cm s-1 for vertical velocity and 50 cm s-1 for zonal
wind perturbation.

(a)

(b)

Fig. 4. Linear mountain wave simulation for 1-km half-width hill at 12960 time steps: (a) vertical velocity and (b) surface pressure perturbation around
the mountain peak. Contour interval is 10 mm s-1 for the vertical velocity.
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(a)

(b)

(c)

(d)

737

Fig. 5. Cold potential temperature perturbation of the cold bubble simulation with all nonhydrostatic components included at: (a) 0, (b) 300, (c) 600,
and (d) 900 s. The contour interval is 1 K.

(a)

(b)

Fig. 6. (a) Zonal wind and (b) vertical wind of the cold bubble simulation with all nonhydrostatic components included at 900 s. The contour interval is
2 m s-1 with dashed contours for negative values.

(a)

(b)

(c)

(d)

Fig. 7. Same as Fig. 5, except for the hydrostatic simulation without nonhydrostatic components.
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Fig. 8. Same as Fig. 6a, except for the zonal wind of the hydrostatic
simulation without nonhydrostatic components.

(a)

del developed by this method at the CWB, Nonhydrostatic
Forecast System (NFS), has been operational since December 2003 (Leou 2004). The NFS is currently running
twice (or 4 times when a typhoon is approaching Taiwan) a
day with triple nests of 45/15/5 km resolutions for mesoscale and typhoon forecasts. This method can also be
used in upgrading hydrostatic global models to nonhydrostatic global models.
Acknowledgements The major part of this work was done
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author to the CWB. The authors appreciate the support by
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(b)

Fig. 9. Cold potential temperature perturbation of the cold bubble
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rg
In both sigma-p and mass coordinates, we find ¶z = ps
¶s
since dp = psds = -rgdz in the sigma-p coordinate and dm
= psds = -rgdz in the mass coordinate. Therefore, in both
coordinate systems, D3 can be expressed as:

(A5)

with which the continuity Eq. (A2) can be written as:

(A6)

APPENDIX
The pressure tendency equation expressed as:

(A1)

Under hydrostatic approximation the pressure is express
as p = pss. We can apply ‘dln’ to p = rRT and get dlnps +
dlns = dlnr + dlnT. Therefore, with the hydrostatic approximation, D3 in Eq. (A5) can be written as:

(A7)

can be derived by taking the ‘d ln’ operator on the equation
of state p = rRT together with the continuity equation,

(A2)

Substituting Eq. (A7) into Eq. (A1), the pressure tendency
equation with the hydrostatic approximation can then be
expressed as:

and the first law of thermodynamics,

(A3)

In a general vertical coordinate s, the 3-dimensional divergence D3 can be written as:

or

(A8)
which is a trivial equation since it is simply the sum of the
continuity Eq. (A6) and thermodynamic Eq. (A4). It is consistent with the fact that under hydrostatic approximation
the pressure can be diagnosed by p = pss without a prognostic equation.
(A4)

