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ABSTRACT
While flowing through porous medium, groundwater flow dissolves minerals thereby increasing medium porosity and
ultimately permeability. Reactive fluid flows preferentially into highly permeable zones, which are therefore dissolved most
rapidly, producing a further preferential permeability enhancement. Accordingly, slight non-uniformities present in porous
medium can be amplified and lead to fingering reaction fronts. The objective of this study is to investigate dissolution-induced
porosity changes on reaction front morphology in homogeneous porous medium with two non-uniformities. Four controlling
parameters, including upstream pressure gradient, reaction rate constant, non-uniformities spacing and non-uniformity
strength ratio are comprehensively considered. By using a modified version of the numerical code, NSPCRT, to conduct a
series of numerical simulations, front behavior diagrams are constructed to illustrate the morphologies of reaction fronts under
various combinations of these four factors. Simulation results indicate that the two non-uniformities are inhibited into a planar
front under low upstream pressure gradient, merge into a single-fingering front under intermediate upstream pressure gradient,
or grow into a double-fingers front under high upstream pressure gradient. Moreover, the two non-uniformities tend to develop
into a double-fingering front as the non-uniformity strength ratio increases from 0.2 to 1.0, and merge into a single-fingering
front while the non-uniformity strength ratio increases from 1.0 to 1.8. When the reaction rate constant is small, the two
non-uniformities merge into a single front. Reaction rate constant significantly affects front advancing velocity. The front
advancing velocity decreases with the reaction rate constant. Based on these results, front behavior diagrams which define the
morphologies of the reaction fronts for these four parameters are constructed. Moreover, non-uniformity strength ratio and
reaction rate constant are identified as two important factors that govern the interaction of dissolution and solute transport in
groundwater systems.
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1. INTRODUCTION
When groundwater flows through porous media of the
subsurface, various reactions such as dissolution and precipitation occur between groundwater and mineral grains.
Media porosity and species concentration are also subsequently modified. Changes in porosity affect the groundwater flow pattern. If porosity in some region of the porous
medium is slightly higher than elsewhere (we refer to it as a
non-uniformity herein), groundwater flow in this non-uni* Corresponding author
E-mail: lcw@gwater.agec.ntu.edu.tw

formity accelerates and dissolution reaction rates are raised.
A rise in the dissolution reaction rate producesa higher porosity channel, thereby resulting in a feedback complex system. The above phenomenon often occurs in geological systems (Chen and Ortoleva 1990; Ortoleva 1994; Fredd and
Fogler 1998; Lasaga 1998). Consequently, the interaction
between groundwater flow and the solid matrix of geological media has received much attention (Xu and Pruess 2001;
Chen and Liu 2002; Emmanuel and Berkowitz 2005; Zhao
2008). Several extensive studies, including field and laboratory experiments, and numerical model developments and
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simulations have been conducted to provide further understanding of water-rock interaction. Chadam et al. (1986)
developed a two dimensional mathematical model, coupling a set of the governing partial differential equations of
groundwater flow, species transport and porosity change
induced by dissolution to investigate the dissolution-induced morphologies of reaction fronts. The simulation results indicate the upstream pressure gradient governs the
shapes of reaction fronts. Under a high upstream pressure
gradient and long flow channel width, a single non-uniformity may develop into a single-fingering, double-fingering
or even multiple-fingering front (Chadam et al. 1986;
Ortoleva et al. 1987a, b; Chen and Ortoleva 1990; Daccord
et al. 1993; Renard et al. 1998; Xu and Pruess 2001; Chen
and Liu 2002; Emmanuel and Berkowitz 2005; Singurindy
and Berkowitz 2005; Li et al. 2006). Chen and Liu (2004)
used the numerical model, NSPCRT (Chen and Liu 2002), to
conduct numerical modeling of reaction front instability,
temporal aquifer porosity, and species concentration evolution for groundwater flow in a homogeneous medium with
two local non-uniformities of equal strength. They found
that planar, single-fingering or double-fingering fronts can
develop under various upstream pressure gradients. The
shape of the fronts is dependent upon the distance between
the local non-uniformities and the size of the pressure gradient. Simulation results indicated that a planar front develops
under a low upstream pressure gradient, and a single-fingering or double-fingering front can emerge under a high upstream pressure gradient. A front behavior diagram defining
the morphology of the reaction fronts was also constructed.
In natural geological media, the strengths of the two
non-uniformities are likely to be unequal. In addition, this
earlier work does not consider the reaction rate constant
though it is also a controlling factor during reactive transport. Therefore, besides the upstream pressure gradient and
non-uniformity spacing, the reaction rate constant and nonuniformity strength ratio (the ratio of the strength of the first
non-uniformity to that of the second), should be included for
studying reaction front behavior. The objective of this study
is to evaluate the evolution of reaction front morphology
induced by dissolution. Four parameters: upstream pressure gradient, reaction rate constant, non-uniformity spacing
and non-uniformity strength ratio are comprehensively considered to investigate the evolution of reaction front morphology. The computer model, NSPCRT (Chen and Liu
2002) is adopted and modified to execute a series of numerical simulations under various combinations of these
four parameters. According to the simulation results, front
behavior diagrams are constructed presenting the morphologies of the different reaction fronts.

ability, and species concentration caused by mineral dissolution reactions in groundwater systems can be formulated
by a set of coupled nonlinear partial differentiation equations. In this study, we modify the two-dimensional numerical model, NSPCRT (Chen and Liu 2002) to simulate
the above phenomenon. The modifications made to NSPCRT
are described in section 3. The governing equations for porosity changes affected by kinetic dissolution reactions, the
conservation of groundwater flow, and species transport are
described below.

2.1 Porosity Changes Due to Kinetic Chemical
Dissolution
Change in pore volume occurs as a result of the reduction in volume of the solid phase induced by mineral
dissolution. The relationship between porosity change and
kinetic chemical dissolution can be obtained by invoking
conservation of total volume in the porous media. NSCPRT
assumes that porous media consists of pores and soluble and
insoluble grains. The mineral grains are cubic in shape and
occupy a given volume with the number of mineral grains
remaining constant after dissolution. Moreover, single solid
components such as calcite in the porous medium and single
species such as calcium or carbonate ions in the groundwater
are considered with dissolution reactions following the
first-order kinetics equation. The porosity change due to kinetic chemical dissolution is thus expressed as:

(1)

where f is the porosity (dimensionless); G denotes the dissolution reaction rate constant (M-1L4T-1); n represents the
number of mineral grains per unit volume (L-3); C is species concen tration (ML-3); ff is the final porosity after a
complete dissolution of soluble grains (dimensionless),
and Csat is the saturated species concentration in groundwater (ML-3).
In order to evaluate how the reaction rate constant affects groundwater/porous media reactions and species transport processes, we assume:
G = aG¢

(2)

where G¢ is the dissolution reaction rate constant of soluble
porous media at 25°C (M-1L4T-1), and a denotes a parameter for convenient treatment of dissolution rate constant changes (dimensionless).
Equation (1) can then be rewritten as:

2. MATHEMATICAL MODEL
The dynamics of changes in media porosity, perme-

(3)
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In Eq. (3), the dissolution reaction rate constant changes
with a.
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D(f) is (Bear 1972; Lerman1979):

2.2 Conservation of Groundwater Flow
The governing equation of groundwater flow is derived
by applying mass conservation of groundwater and Darcy’s
law, and is written as:

(4)

where P denotes the fluid pressure (ML-1T-2), and K(f) is
the intrinsic permeability divided by the product of the
water viscosity and porosity (M-1L3T). A modified form of
the Fair-Hatch relation (Chen and Liu 2002) is employed
herein to characterize the dependence of permeability on
porosity (Bear 1972):

where Di is the solute diffusion coefficient (L2T-1). The
first, second and third terms on the left-hand side of Eq. (5)
represent the diffusion flux, advection flux and source due
to mineral dissolution, respectively.
Equations (3), (4), and (5) are the governing equations
of the model, and are all nonlinear partial differential equations. Porosity (f), solute concentration (C), and fluid pressure (P) are primary variables, and are all function of spatial
and temporal variables. Theoretically, we can solve the set of
coupled Eqs. (3), (4), and (5), then illustrate the processes
of porosity and solute concentration change with time and
space. To simplify the coupled equations, Eqs. (3), (4), and
(5) are thus non-dimensionalized. First, dimensionless time,
t, is defined by:
t = eG¢n1/3Csatt

where J denotes a packing factor (~5) (dimensionless); m is
the fluid viscosity (ML-1T-1); and q is a geometric factor
(dimensionless). It should be noted that elevation head is
neglected in Eq. (4). However, Eq. (4) can be used to describe, for example, two-dimensional horizontal groundwater flow without vertical head gradient. Moreover, the
developed model, NSCPRT, can be readily modified to
simulate three-dimensional groundwater flow by including
elevation head into Eq. (4).

(6)

where e = Csat/rs.
The dimensionless solute concentration, g, the dimensionless fluid pressure, P, the dimensionless diffusion coefficient, d, and the dimensionless permeability, l, are respectively defined by:

(7)

(8)

2.3 Conservation of Species Transport
(9)

The model assumes that groundwater flow velocity is
slow and dispersion effect resulting from the spatial variability in the pore water velocity is excluded. Besides advection
and diffusion processes governing solute transport, dissolution reactions also cause a mass transfer of solids into respective aqueous phases, thus raising species concentrations
in an aqueous fluid. A partial differential equation derived
via mass conservation of solutes is expressed in the following:

Dimensionless solute concentration now ranges from
0.0 (gmin) to 1.0 (gmax). Spatial variables are also non-dimensionalized as:

(5)

(11)

where D(f) denotes the porosity dependent diffusion coefficient (L2T-1), and rs represents the density of soluble
grains (ML-3). The common phenomenological relation for

(12)

(10)
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Based on the definition of Eqs. (11) and (12), the dimensionless gradient of spatial variables can be written as:

No flow conditions are used for the upper and lower boundaries and expressed as:

(13)

(17c)

¶ v
¶ v
i +
j.
¶x
¶y
Incorporating Eqs. (6) - (13) into Eqs. (3), (4), and (5)
and rearranging them in dimensionless form gives:

(17d)

where Ñ =

The boundary condition on the left-hand side for dimensionless concentration is prescribed to be zero:
(14)
(17e)
(15)

(16)

The right, upper, and lower boundary conditions for dimensionless concen trations are, respectively, prescribed
as:

(17f)

Equations (14) - (16) can be solved numerically by the sequential iteration approach (SIA) where the equations for
reaction-induced porosity changes and conservations of
groundwater flow and solute transport are solved sequentially. The detailed steps of numerically solving Eqs. (14) (16) using the SIA were demonstrated by Chen and Liu
(2002)

(17g)

(17h)

3. NUMERICAL SIMULATION
This study considers a two dimensional rectangular domain with the length of L x (dimensionless length) and the
width of L y (dimensionless length), as shown in Fig. 1.
Groundwater flows from left to right. The inlet (left-hand
side boundary) condition for dimensionless pressure is prescribed as:

Assuming the system is homogeneous except for two unequal strength non-uniformities existing with non-uniformity centers located at the inlet boundary. The non-uniformities are zones of higher porosity and permeability located at the left boundary of the system, as shown in Fig. 2.
The initial conditions for the dimensionless porosity and
concentration are set as follows:

(17a)

(18a)

where Pf denotes an upstream pressure gradient applied at
the inlet boundary. The upstream pressure gradient has a
ma jor in flu ence on the dis so lu tion re action and sol ute
transport (Chadam et al. 1986; Chen and Liu 2002, 2004).
Only the net pressure gradient across the region of
interest is important since the fluid density is assigned to be
a constant. Accordingly, a referenced pressure is prescribed
at the outlet (right-hand) boundary as:
(17b)

Fig. 1. Domain for numerical simulation.
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(a)

(b)

(c)

(d)
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Fig. 2. Four types of reaction front morphology. Solid line: aquifer porosity, dashed line: species concentration.

(18b)
with

(18c)

(18d)

where Li (i = 1, 2) represent the locations of centers of first
and second non-uniformities, w denotes an initial perturbation parameter which is used to perturb the initial porosity
and dimensionless concentration, and SS denotes the nonuniformity strength ratio of the first non-uniformity to the
second non-uniformity.
The initial conditions for the dimensionless pressure are
set to be:
(18e)
To execute the numerical simulation it is necessary to
give the values of all the parameters in the set of governing
equations and boundary conditions. In this study, we give
the input parameters following our previous studies (Chen
and Liu 2002, 2004). The input parameters used in previous

studies were assumed and successfully used to demonstrate
the morphological evolution of a dissolution fingering front
in a fluid-saturated porous medium. The inputs were: initial
porosity f0 = 0.1; final porosity ff = 0.2; dimensionless
length L x = 18; dimensionless width L y = 8; initial perturbation parameter w = 0.1, and x and y grid spacing are
0.2 ´ 0.2.
To examine whether the construction of front behavior
diagram using a 30-set simulation (coarse simulation) is adequately to represent the evolution of front morphology, we
carried out a comparison between the coarse and detailed
simulations. The non-uniformity strength ratio, SS, is set to
be 1.0 in both coarse and detailed simulations. In the coarse
simulation, the upstream pressure gradient changes from 0.0
to 5.0 with an increment of 1.0 and non-uniformity spacing
varies from 1.0 to 5.0 with an increment of 1.0. Whereas in
the detailed simulation, upstream pressure gradient, Pf, is set
from 0.00 to 5.0 with a 0.25 increment. Non-uniformity
spacing is set from 0.25 to 5.00 with an increment of 0.25
and a is set to be 1.0. A total of 441 sets of simulations are
executed.
To investigate the effects of the non-uniformity strength
ratio and dissolution reaction rate constant on the development of front morphology, two cases are considered as
follows:

3.1 Case I: Different Strength Ratios (SS)
In this case, non-uniformity strength ratio, SS, is set
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from 0.2 to 2.0 with an increment of 0.2. Upstream pressure
gradient, Pf, is set from 0.0 to 5.0 with an increment of 1.0.
Initial two perturbations spacing is set from 1.0 to 5.0 with
an increment of 1.0 and a is set to be 1.0. There are a total of
300 (10 ´ 6 ´ 5) simulation sets.

3.2 Case II: Different Dissolution Reaction Rate
Constant ( )
In this case, non-uniformity strength, SS is fixed at 1.0.
Upstream pressure gradient, Pf, varies from 0.0 to 5.0 with
an increment of 1.0. Non-uniformity spacing changes from
1.0 to 5.0 with a 1.0 increment and a is set from 0.2 to 1.0
with an increment of 0.2. There are a total 150 (5 ´ 6 ´ 5)
simulation sets.
Each simulation ends when the porosity is greater than
0.2 or the dimensionless concentration is greater than 1.0 at
the right-hand boundary (x = L x , y = y) or the dimensionless
time arrives at the maximum simulation time (t = 10.0).
Front morphology is determined based on reaction front
shapes at the time the simulation ends.

4. RESULTS AND DISCUSSION
The simulation results showed that with two non-uniformities, four types of reaction-front shapes can develop
(see Fig. 2). A planar front (Fig. 2a) denotes that the contours of porosity and dimensionless concentration are constants along the y direction. A single-fingering front (Fig. 2b)
denotes that two non-uniformities merge into a single finger.
A double-fingering front (Fig. 2c) represents that the two
non-uniformities grow into two clear fingers. If the front
shape cannot be clearly judged, we herein classify it as in a
transition zone (Fig. 2d). As shown in Fig. 2, the evolution
of front morphology of porosity contours and dimensionless
concentration contours are similar, we herein construct the
behavior diagram of the front morphology only based on
dimensionless porosity contours.

4.1 Verification of Behavior Diagram by Detailed
Simulation
Figure 3 represents the front behavior diagram con-

(a)

(b)

(c)

(d)

Fig. 3. Comparison of coarse and detailed simulated results and behavior diagrams of SS = 1.0 and a = 1.0. [ denotes planar front, s denotes transition zone, u denotes single front, and l denotes double front.
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structed from the detailed and coarse simulations. A planar
front is located at the zone where the upstream pressure gradient is less than 0.5 and 0.625 for coarse (Fig. 3d) and detailed simulations (Fig. 3b), respectively. The location and
size of the planar front zone are similar. The zones of the
single-fingering and double-fingering fronts are also similar. Therefore, the front behavior diagram constructed from
30 sets of coarse simulation can adequately represent the
front morphology with the upstream pressure gradient varying from 0.0 to 5.0 and non-uniformity spacing changing
from 1.0 to 5.0. The behavior diagram of the same conditions established by Chen and Liu (2004) is similar to that of
this study. The only difference is that the transition zone is
approximately located between upstream pressure gradients
of 0.6 to 1.0, and is not affected by non-uniformity spacing.
In the detailed simulation, the transition zone is approximately located between upstream pressure gradients of 0.75
to 1.0 and non-uniformities spacing greater than 2.8. The
reason is that the increments of the upstream pressure gra-
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dient and spacing in the simulation of Chen and Liu (2004)
are 0.5 whereas the increment in the detailed simulation of
this study is 0.25, which yields a more refined result.

4.2 Behavior Diagrams of Different SS and
4.2.1 Case I: Change of Perturbation Strength Factor
(SS)
Figure 4 shows the simulated behavior diagrams for
non-uniformity strength ratios varying from 0.2 to 2.0 with
an increment of 0.2. Planar front areas are all located at low
upstream pressure gradient (Pf < 0.3). Double-fingering
front areas are located at high upstream pressure gradient
and non-uniformity spacing greater than 1.5. Single-fingering front areas are located in between planar front and double fronts. As the two non-uniformities have non-equal strengths, such as when SS = 0.2, the porosity at the large
non-uniformity strength zone is higher than that at the
smaller strength zone resulting in high groundwater velocity

(a)

(b)

(c)

(d)

(e)

(f)

(g)

(h)

(i)

Fig. 4. Behavior diagrams for different strength ratios (SS).
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developing in the large non-uniformity strength zone. Advective transport due to the fast groundwater velocity, first
lowers the solute concentration, then accelerates the kinetic
dissolution reaction rate and enlarges the influential area of
the front. Thereby, the front at the larger non-uniformity
strength zone propagates faster and extends into a larger area
than that at the smaller non-uniformity strength zone. As the
two fronts continuously develop, at a certain critical time, the
rate at which porosity increases between the two non-uniformities may become equal to that at the smaller strength zone
such that the two non-uniformities then merge into a singlefingering front. As the non-uniformity strength ratio increases
from 0.2 to 1.0, the areas of the single-fingering front decrease, and those of the double-fingering front increase; the
optimum condition for developing a double-fingering front is
at SS = 1.0. A planar front is formed when advection due to a
low upstream pressure gradient is not sufficient to lower the
solute concentration resulting from kinetic dissolution reactions and diffusion transport. Thus, the kinetic dissolution reaction rate reduces and then slows down the porosity change
in the zones of the two non-uniformities. As the porosity
changes at the two non-uniformities become the same as the
ambient zones, a planar front steadily develops. These results
agree with previous studies (Chadam et al. 1986; Chen and
Ortoleva 1990; Chen and Liu 2002).
As the non-uniformity strength ratio increases from 1.0
to 1.8, the two non-uniformities are apt to merge into a single-fingering front and the area of the double-fingering front
gradually decreases as shown in Figs. 4f - i.

(a)

(b)

(d)

(e)

4.2.2 Case II: Changes in Dissolution Reaction Rate
Constant (a)
Figure 5 represents the front behavior diagram for a
varying from 0.2 to 1.0 with a 0.2 interval. The areas of the
double-fingering front in the front behavior diagrams constructed with a of 0.2 and 0.4 are smaller than those obtained
with a of 0.6, 0.8, and 1.0. Low reaction rate constants cause
a slow increase in porosity in the zone of the initial two perturbations. Although advection transport in the zones of the
two non-uniformities is high, slow porosity change rates further reduce front advancing velocity. As the porosity change
rate of the two non-uniformities lowers to the same as that of
the zone between the two non-uniformities, the two non-uniformities merge into a single-fingering front.
Changes of a slightly affect the front behavior diagrams, but significantly affect the front advancing velocity.
Figures 6a - c represent advection, diffusion and resultant
flux for: a non-uniformity strength ratio of 1.0, non-uniformity spacing of 2.0, a of 0.6, and upstream pressure gradient
of 2.0. Figures 7a - c represent advection, diffusion and resultant flux for: non-uniformity strength ratio of 1.0, nonuniformity spacing of 2.0, a of 1.0, and upstream pressure
gradient of 2.0. In Figs. 6a, b and 7a, b, both advection flux
tends to focus toward the tip of the front while the diffusion
flux tends to pull back the front tip. The advection flux of
a = 1.0 is greater than that of a = 0.6 and the diffusion flux of
a = 1.0 is greater than that of a = 0.6, the resultant of both
advection and diffusion fluxes of a = 1.0 is still higher than

(c)

Fig. 5. Behavior diagrams for different reaction rate constants (a).
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(a)

(a)

(b)

(b)

(c)

(c)
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Fig. 6. (a) Advection flux; (b) diffusion flux; (c) resultant flux with a =
0.6 at t = 3.887.

Fig. 7. (a) Advection flux; (b) diffusion flux; (c) resultant flux with a =
1.0 at t = 3.232.

that a of 0.6. Therefore, the front advancing velocity increases with increas ing a in this case. In this study, the
changes of solute concentration are due to advection transport, diffusion transport and kinetic dissolution reactions.
The resulting change in solute concentration due to the
above processes may nonlinearly vary. Hence, front advancing velocity may not monotonically increase with a. We
herein average the simulation ending time for all sets of each
a value except for the ones of planar front, since the simulation ending time of planar front sets all arrive at t = 10.0.
Figure 8 represents the average of simulation ending times
for different a. Because the simulation domain dimension is
fixed, the simulation ending time is inversely proportional to
the front advancing velocity. In Fig. 8, the front advancing
velocity behavior can be divided by two zones of a  0.4
and a > 0.4 at a  0.4, the front advancing velocity is inversely proportional to a, whereas at a > 0.4 the front advancing velocity is positively proportional to a and the front
advancing velocity is the slowest at a = 0.4.
The changes of dissolution reaction rate play different
roles in reactive chemical transport. On the one hand, porosity increases with a resulting in an acceleration in front advancement, on the other hand the solute concentration of this

Fig. 8. Average simulation ending time for different a.

zone may easily reach its saturated concentration, slowing
down the kinetic dissolution reaction rate, and further retarding front advancement. These feedback processes are nonlinearly balancing each other, creating a complex, self-organized natural phenomenon (Ortoleva 1994).

5. CONCLUSION
In this study, dissolution-induced porosity change is in-
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vestigated under various combinations of upstream pressure
gradient, reaction rate constant, non-uniformity spacing, and
non-uniformity strength ratio. Non-uniformity strength ratio
and reaction rate constant significantly affect the evolution
of the reaction front. When the upstream pressure gradient is
small (< 0.3), the two non-uniformities all develop into a
planar front regardless of changing non-uniformity strength
ratios, non-uniformity spacing or reaction rate constant.
Moreover, the two non-uniformities tend to develop into a
double-fingering front as the strength ratio increases from
0.2 to 1.0, and into a single-fingering front as the strength
ratio increases from 1.0 to 1.8. Changes in the strength ratio
affect the front advancing velocity and front behavior diagram. The front advancing velocity decreases with the reaction rate constant and front advancing velocity is slowest
when the reaction rate constant is equal to 0.4. The simulated
result provides a quantitative basis to analyze some natural
processes of formation such as the dissolution of karst rock.
Future study could consider a high flow velocity condition,
and include the dispersion effect. In addition, precipitation
chemical reactions, adsorption and desorption, or multiplespecies reactive chemical transport can also be incorporated
into the NSPCRT model. In addition, the investigation of
porosity changes induced by microbial mediation is another
research area for future study.
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