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AbSTRAcT

The Imager of Sprites and Upper Atmospheric Lightning (ISUAL), on board the 
FORMOSAT-2 satellite launched in 2004, is the first instrument primarily dedicated 
to transient luminous event (TLE) surveys from space. The ISUAL TLE geolocation 
accuracy and detection efficiency are validated in this paper through two coordinated 
observation events using ISUAL and the Taiwan TLE ground campaign, the first co-
ordinated space and ground observations. Due to the long distances between TLEs 
and the observation stations, triangulation required taking the Earth’s curvature into 
account using spherical trigonometry. After a series of systematic triangulation pro-
cedures, the results indicate that the coordinated ISUAL and ground station geolation 
accuracy is less than 7 km. Moreover, three columniform sprites were recorded at 
multiple sites during the ground campaign. The triangulation of individual elements 
shows that the map projection of columniform sprites is nearly circular, parallel and 
fan shaped. The aforementioned events demonstrate that the columniform sprite distri-
bution patterns are diverse. The average base altitude of the columns is 72.4 ± 2.4 km, 
and the average terminal altitude is 82.3 ± 1.8 km. The sprite column width is estimated 
to be < 0.5 km.
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1. InTROducTIOn

Since Franz et al. (1990) recorded the first sprite with a 
low light camera in 1989, numerous observations have been 
carried out from the ground (Fukunishi et al. 1996; Sten-
baek-Nielsen et al. 2000; Pasko et al. 2002; Su et al. 2002, 
2003; Hsu et al. 2003; Van der Velde et al. 2007; Chou et 
al. 2010; Huang et al. 2012; Yang et al. 2013, 2015), air-
plane (Sentman et al. 1995; Wescott et al. 1995), and space 
(Boeck et al. 1998; Kuo et al. 2005; Chen et al. 2008; Chang 
et al. 2010; Chou et al. 2010; Lee et al. 2010, 2012; Jehl et 
al. 2013). Those observations indicate that Transient Lumi-
nous Events (TLEs) can be categorized into sprites, halos, 
elves, blue jets and gigantic jets.

Some research groups launched multiple station obser-

vations to extract the exact location and altitude of TLEs. 
For instance, during the Sprite94 campaign, Sentman et 
al. (1995) yielded the first color imagery and triangulation 
measurement of sprites and blue jets using two aircraft. The 
sprite observations showed that the red main body of sprites 
ranges from 50 - 90 km in height and 5 - 30 km in width, 
which was sometimes accompanied with an extending 
downward faint bluish tendril. The accuracy of their mea-
surements is about 2 - 3 km. Lyons (1996) also employed 
optical images and the National Lightning Detection Net-
work to retrieve the location and height of sprites above the 
U.S. High Plains. Although lacking coordinated observation 
for triangulation, they assumed that the sprites occurred di-
rectly above the +CG location and then calculated the height 
using the elevation angle. Their results showed that the av-
erage height of sprite tops were 77 (σ = 5.1) km, the average 
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height of sprite bases were 50 km, and a few sprites with 
tendrils extended to 31 km. They also pointed out the height 
variation in sprite tops might be related to the variation in 
night time ionosphere E layer. However, it is not conclusive 
that the standard deviation of a sprite’s height is comparable 
to the height variation of the night time ionosphere in their 
measurements. Wescott et al. (1998) reported on the trian-
gulation of columniform sprites. The average terminal alti-
tude of individual columns was 86.7 km and the bottom was 
76.2 km. The sprite columns were nearly vertical and less 
than 1 km in diameter. Some events were accompanied with 
faint diffuse tendrils extending above and below the sprite.

Hayakawa et al. (2004) located winter sprites in the 
Hokuriku area (Japan Sea side) using Japan Lightning De-
tection Network data and optical images. They found that 
the height distribution of sprites ranged from 50 - 90 km, 
and most occurrences were within 70 - 75 km. Due to the 
possible shift between parent lightning and sprite, sprite 
height uncertainty would be ~10 km. Stenbaek-Nielsen et 
al. (2010) combined multiple site observations with high 
speed camera (10000 frames per second) to analyze sprite 
onset altitude, finding the onset altitudes was 66 - 89 km for 
the initial downward streamer and 64 - 78 km for upward 
streamers.

By analyzing the images of columniform sprites re-
corded in a single site observation, Vadislavsky et al. (2009) 
found that the sprite columns were arranged in highly ec-
centric elliptical forms or in straight rows, suggesting that 
the columniform sprite elements are organized in spaced 
intervals on the circumference of a circle centered directly 
above, or with a little offset to, the parent lightning. They 
also used a quasi-electrostatic (QE) field model with a 
charge above the conducting surface to demonstrate that 
the observed diameter and view angle of the columnar ar-
rangement was close to the conventional breakdown field 
line contour at the same altitude. Even though they utilized 
a simulation method to infer the spatial arrangement of col-
umniform sprites, the real spatial distributions still needs to 
be verified through multiple site coordinated observations.

The Imager of Sprites and Upper Atmospheric Light-
ning (ISUAL), on board FORMOSAT-2 (FS-2) satellite 
launched in 2004, is the first instrument primarily dedicated 
to observing TLEs from space. The main reason of observ-
ing TLE from space is to avoid atmospheric attenuation and 
achieve a global survey. A coordinated observation using 
both ISUAL and ground observations is necessary to ex-
amine the ISUAL positioning accuracy and detection ef-
ficiency. Thus, TLE ground campaigns near Taiwan were 
executed during the last ten years to accomplish the coordi-
nated observations with ISUAL.

We report on two events recorded by the ISUAL and 
Taiwan TLE ground campaign coordinated observations. 
Three columniform sprites were recorded from multiple 
sites during the ground campaign. The detailed sprite spatial 

distribution shows features different from those reported by 
Vadislavsky et al. (2009). The detailed TLE triangulation 
processes will also be presented. The ISUAL TLE geolo-
cation accuracy and detection efficiency will also be dis-
cussed.

2. InSTRuMenTATIOn

The ISUAL (Imager of Sprites and Upper Atmo-
spheric Lightning) objectives on board the Taiwanese FOR-
MOSAT-2 (FS-2) satellite are to observe TLEs from space to 
avoid atmospheric attenuation and achieve a global survey. 
The FS-2 satellite was launched on 21 May 2004 with a polar 
sun synchronous orbit at 891 km altitude. ISUAL consists 
of three optical instruments: an intensified CCD imager (Im-
ager) with 5 selectable filters and a 6th blank, a six-channel 
spectrophotometer (SP), and a dual-color array photometer 
(AP). ISUAL is looking eastward to the horizon, perpendicu-
lar to the orbit plane. The Imager records a sequence of six 
frames (including the trigger frame) with a 30 ms interval 
between two successive frames, inclusive of a 29 ms expo-
sure time, and the image size is 512 × 128 pixels [20° (H) 
× 5° (V)]. The SP shares the same field of view as the Im-
ager and records the spectrum in a 10 kHz sampling rate. 
The measurement bands are listed as follows: SP1 (150 - 290 
nm; FUV, N2 LBH band), SP2 [335 - 341.2 nm, centered at  
337 nm; 2PN2(0,0)], SP3 [387.1 - 393.6 nm, centered at 391 
nm; 1NN2

+(0,0)], SP4 (658.9 - 753.4 nm; 1PN2), SP5 (cen-
tered at 777.4 nm; OI emission in lightning), and SP6 (250 
- 390 nm; 2PN2). The AP field of view is 22° (H) × 3.6° 
(V) with sixteen vertical equally spaced channels, whereby 
it has a vertical resolving power, and the observation bands 
are 370 - 450 and 530 - 650 nm. The sampling rate is 20 kHz 
at the initial 20 ms around triggering and then is 2 kHz to the 
end of the measurement. Detailed information for the ISUAL 
payload can be found in Chern et al. (2003).

The regular ground observation campaign near Taiwan 
began in 2001. It was expanded to four remotely controlled 
optical stations in 2011. The four stations are located at 
Tainan (NCKU), Taitung (TT), Penghu (PH), and Kinmen 
(KM), as shown in Fig. 1. The observation systems at each 
station are identical: including two low light monochrome 
cameras (WATEC 902H2 ULTIMATE CCD) with 12 mm/
f1.2 lenses, except for the CCD in NCKU which is WATEC 
100-N. The frame rate is 30 frames s-1, including a GPS-
synchronized timestamp. The magnetic ULF station utilizes 
a pair of EMI-BF4 magnetic induction coils recording ul-
tralow frequency, 0.3 - 500 Hz, which is located at the Lulin 
Observatory in the Taiwan central mountain ridge, as shown 
in Fig. 1 (Huang et al. 2011). The polarity, vertical current 
moment and time-integrated charge moment change (CMC) 
of TLEs and lightning are retrieved from the ULF signal. 
Further information can be found in Cummer (2003), Cum-
mer et al. (2009), and Huang et al. (2012).
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3. cOORdInATed ObSeRvATIOn  
TRIAngulATIOn FROM ISuAl And The 
gROund cAMpAIgn

3.1 convection System

The events occurred on 9 August 2013 above a convec-
tion system in the mountainous area of Fujian, China. The 
system contained two convection cells, initiated at 13:00 LT 
and dissipated at 3:00 LT on the next day. The World Wide 
Lightning Location Network (WWLLN) data are shown 
in Fig. 2. The lightning activity during 11:00 - 14:00 UTC 
(19:00 - 22:00 LT) occurred in both convection cells A and 
B. After 14:00 UTC the lightning in cell A had already at-
tenuated but that in cell B was still active. The four ground 
stations recorded 37 sprites over this thunderstorm system, 
and all of them were recorded by the PH and KM stations, 

as they were much closer to the convection system. The 
NCKU and TT stations failed to record any events due to 
local weather conditions and the long distance.

Seventeen of the 37 sprites were successfully observed 
with coordinated observation. The triangulation results in-
dicate the first 14 events all occurred in cell A, and the last 
3 events occurred in cell B, as cell A had dissipated ear-
lier. The last sprite event was also captured by ISUAL at 
14:59:08 UTC, which is the first coordinated observation 
from space and ground in the world.

3.2 coordinated Observation from ISuAl and ground 
campaign

For the coordinated campaign on 9 August 2013, because 
the distances between events and stations are 200 - 400 km, 

Fig. 1. The location of optical stations (red pentagram) and ULF station (blue star). (Color online only)

(a) (b)

Fig. 2. (a) The lightning locating result from WWLLN shows there were 2 convection cells A and B. The red open squares are lightning occurred 
in 11:00 - 14:00 UTC and blue dots are lightning occurred in 14:00 - 16:00 UTC. (b) The lightning accumulating curve of the convection system is 
plotted as a blue curve, as the TLEs activity recorded from the ground campaign are marked in different vertical lines. (Color online only)
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the earth’s curvature has to be taken into account. Following 
the procedures listed in the Appendix, if we know the latitude, 
longitude and altitude of the observation stations, and measure 
the azimuth and elevation angles of an illuminant event from 
each station, using Eqs. (A4) - (A15) in the Appendix, the 
geolocation and altitude of the event can then be determined. 
The azimuth and the elevation angles of the images were cor-
rected according to the star field via UFO Analyzer, which is 
commercial software originally for analyzing the trajectory of 
meteors. The triangulation precision is determined mainly by 
the quality of the star field and pixel size. At 200 - 300 km 
from the ground station to event, the precision corresponding 
to one pixel is about 0.2 km. The ISUAL geolocation error 
differs in azimuth and elevation direction, which will be dis-
cussed later.

The event images at 14:59:08 UTC recorded us-
ing the PH, KM, and the ISUAL Imager, are shown as  
Figs. 3a, b, and c, respectively. The SP and part of the AP 
data are also plotted in Figs. 3d and e, even though the 
sprite spectral signal was seriously contaminated by parent 
lightning and could not be discriminated. The weather at 
the PH site was fairly good; therefore, the stars could be 
identified automatically through the UFO Analyzer. On the 
other hand, the KM site was veiled by thin clouds, so only 
a few stars were discriminated manually. The ISUAL field 
of view was mostly covered by the Earth, and the imager 
degradation has become serious after a decade of operation. 
Therefore, only 2 stars could be manually identified for star 
field correction. The ISUAL image correction shows that 
the line of sight retrieved from quaternions is biased 0.206° 
in azimuth and -0.046° in elevation, while the image also 
rotates 0.415°.

The geolocation and altitude of the sprite feature point 
was calculated by carefully dealing with the correction, 
marking the sprite feature point in all of the images (marked 
by arrows in Figs. 3a, b, and c), and substituting factors into 
the equations in the Appendix. The triangulation results are 
shown in Table 1 and Fig. 4. Point A is the map projection 
of the sprite feature point inferred from two ground stations, 
KM and PH, regarded as the true sprite geographic location. 
Points B (C) are the results retrieved from ISUAL and the KM 
(PH) station. The infrared enhanced cloud image overlaps the 
triangulation result, which shows that the event occurred at 
the edge of the coldest region of the infrared enhanced cloud 
image. The coldness of the infrared enhanced cloud image 
usually indicates deeper convective clouds in the upper tro-
posphere. Both B and C are ~6.8 km far away from A. The 
circumradius of A, B and C is ~3.4 km. The sprite feature 
point altitude determined by the KM and PH stations is 77.1 
and 77.6 km respectively. The results are acceptable because 
the altitude difference of 0.5 km is comparable to the ground 
observation precision ~0.2 km (see step 6 in Appendix.) The 
feature point altitudes determined by ISUAL and the KM 
(PH) station are 75.7 (75.3) and 76.1 (75.3) km. These results 

are also acceptable because the altitude differences are com-
parable to the ISUAL precision (~2 km).

The geolocation error induced by ISUAL could be es-
timated by assuming one pixel offset during measurement. 
While the events and ISUAL are 2500 - 3500 km apart, one 
pixel corresponds to a 2 - 3 km shift on the elevation (yaw 
axis) and the azimuthal direction (roll axis), and a 5 - 100 km  
shift along the line of sight (pitch axis). For the event at 
14:59:08 UTC, it was ~3000 km away from ISUAL; thus, 
the geolocation error for ISUAL would be ~2.5 km on the 
altitude and along the limb of earth, and ~8.5 km along the 
line of sight. Thus, the ~6.8 km shift from the true location 
A to the results getting each ground station and ISUAL (B 
and C) is acceptable.

Another TLEs coordinated observation from ISUAL 
and ground station (TT) was accomplished at 15:07:24 UTC 
on 17 July 2015 (not shown). Unfortunately, after decades of 
ISUAL Imager operation the image quality has seriously de-
graded, and thus, it is too poor to achieve the triangulation.

3.3 Triangulation of group column Sprites

Besides the ISUAL coordinated observation event 
mentioned above, three groups of columniform sprites were 
simultaneously recorded by the KM and PH stations. Al-
though the appearance of each element in the group is simi-
lar, triangulation could still be achieved by following the 
procedures in the Appendix, step by step. The event geo-
location at 12:56:03 UTC, shown in Fig. 5, demonstrates 
that there were six columns in a roughly circular distribution 
around a column sprite near the center. The parent lightning 
location was identified from the WWLLN data, which has 
a 6.8 km offset to the centric column of circular distributed 
sprite. The distribution pattern is very similar to Edgerton’s 
famous Milk drop Coronet (Edgerton et al. 1987; Deegan 
et al. 2008). Moreover, the triangulation results from these 
events showed that the columns of sprites are longer and 
brighter near the parent lightning. The circular group of col-
umn sprites, occurring at the Eastern Mediterranean, was 
also reported by Vadislavsky et al. (2009). However, lack-
ing of multiple site observations, they did not determine the 
exact relationship between the parent lightning and colum-
niform sprites. A column sprite at the center of the circular 
distribution pattern was not reported either.

The images and map projection of the 13:00:33 UTC 
and 14:33:57 UTC events on 9 August 2013 are shown in 
Figs. 6 and 7. According to Figs. 6a, b and 7a, b, and follow-
ing the arguments in the report by Vadislavsky et al. (2009), 
we may conclude that these sprites also had a circular dis-
tribution pattern and were centered directly above, or with 
a little offset to, the parent lightning. However, the trian-
gulations show that the 13:00:33 UTC event had a parallel 
arrangement, and the 14:33:57 UTC event had a fan shape 
pattern, as shown in Figs. 6c and 7c. Both parent lightning 
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(a) (b)

(c)

(d)

(e)

Fig. 3. The images of the simultaneous sprite recorded by (a) PH site, (b) KM site, and (c) ISUAL imager. The (d) ISUAL Spectrophotometer and 
(e) parts of Array Photometer data are also shown here. (Color online only)
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lat. (°n) lon. (°e) distance to A (km) height (km) height (km)

A KM-PH 27.27 118.09 N/A 77.1 77.6

B ISUAL-KM 27.21 118.12 6.82 75.4 76.1

C ISUAL-PH 27.20 118.10 6.79 75.3 75.3

D ISUAL (cloud top) 27.12 117.84 29.4 10 N/A

E ISUAL (TLE height) 26.93 117.00 114.6 90 N/A

Table 1. The geolocations of the points A, B, and C are triangulation results from two ground stations and 
ISUAL. The point D is the geolocation by assuming that the parent lightning was at 15 km in height. For the 
point E, the sprite is assumed to terminate at 90 km in height. The height is inferred from the geolocation 
and elevation angle, which are also listed in the table.

Fig. 4. The geolocation of triangulation result are plotted in 
infrared enhance cloud image. Points A, B, and C are tri-
angulation geolocation result from the ground stations and 
ISUAL. Point D is the ISUAL result by assuming the par-
ent lightning location in the image. Point E is the result from 
ISUAL by assuming the top of the sprite to be 90 km. (Color 
online only)

(a)

(b)

(c)

Fig. 5. The geolocation and retrieved height of event at 12:56:03 UTC re-
corded by KM and PH. The parent lightning geolocation from WWLLN is 
plotted in blue pentagram. (Color online only)
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events, recorded by WWLLN, were located outside of the 
column distribution. These results show that the columni-
form sprite distribution patterns were diverse.

The event at 12:56:03 UTC had an average top altitude 
of 82.0 ± 1.9 km and bottom altitude 72.3 ± 2.2 km. For 
the event at 13:00:33 UTC, we could only deduce the bot-
tom mean altitude, 70.7 ± 2.0 km, because the top elements 
were out of the image; thus, there were no triangulation re-
sults. The average top and bottom altitudes for the event at 
14:33:57 UTC were 82.6 ± 1.8 and 70.7 ± 1.8 km, respec-
tively. As the width of each column in the images is about 
1 - 2 pixels, considering that these events are at a distance 
of ~300 km (400 km) from KM (PH) site and image angle 
resolution is 0.04° (H) × 0.045° (V), it means that the sprite 
column diameter is < 0.5 km.

4. The geOlOcATIOn AccuRAcy And  
deTecTIOn eFFIcIency OF ISuAl TleS

Mapping the global distribution of TLEs is one of the 
objectives of the ISUAL payload (Chen et al. 2008). If the 
parent thundercloud is visible, the geolocation of an ISU-
AL TLE is deduced from the position of the center or the 
brightest pixel in the illuminated cloud top and the height is 
assumed to be 10 km (Smith et al. 1999). The sprite geolo-
cation is obtained from the assumption of sprite maximum 
height (90 km) only when the parent thundercloud is invis-
ible (Chen et al. 2004). We examined both of situations for 
the event at 14:59:08 UTC for comparison. Assuming the 
illuminated cloud top of its parent lightning is 10 km height 
and the sprite occurred above it, the geographic coordinate 
of the event could then be located at point D, in Fig. 4, which 
is ~29 km away from the true location A. For the sprite top 
to be 90 km, the respective geolocation (point E) is ~114 km 
apart from point A. As mentioned above, since the true alti-
tude of the sprite top is 77.4 ± 0.3 km, the large location error 
of point E does come from the assumption that the sprite top 
is 90 km in height.

Lu et al. (2013) pointed out that when the sprite is de-
layed for more than 40 ms after the parent lightning, the 
sprite location usually shifts more than 30 km. The ULF 
signal of the simultaneous sprite producing lightning was re-
corded by the NCKU ULF station. From the ULF signal for 
the event at 14:59:08 UTC (not shown), the parent lightning 
was a +CG and the sprite occurred about 95 ms later, which 
was a long-delayed sprite. This means that the ~30 km loca-
tion error may be basically related to the shift in the parent 
lightning. However, WWLLN failed to detect the sprite pro-
ducing lightning; therefore, the shift in the parent lightning 
cannot be examined through WWLLN data. The geolocation 
accuracy of ISUAL TLEs may be determined by the shift in 
parent lightning under the assumption that the illuminated 
cloud tops were at 10 km in height. The ULF signal also 
indicates that the peak current moment of the sprite produc-

ing +CG is about 230 kA km. The impulsive CMC (iCMC) 
integrates the CMC of the first 2 ms of the stroke (Cummer 
et al. 2013), which is about 210 C km for the sprite produc-
ing +CG of this event.

The quaternion of the FS-2 satellite is calculated via 
satellite sensors and onboard processing. The line of sight is 
then obtained through quaternion to locate the event. How-
ever, the coordinated observation shows that the quaternions 
are biased 0.206° in azimuth, -0.046° in elevation, and the 
image also rotates 0.415°. While this shift would introduce 
an 8 km error to the true location, it is less than the ISUAL 
positioning error (29 or 114 km). This error would not have 
any significant effect on the TLE global distribution report-
ed by Chen et al. (2008) and Hsu et al. (2009), since the grid 
size of the distribution is 2.5° × 2.5° (about 130 - 250 km × 
130 - 250 km), which is much larger than the error caused 
by the quaternion.

Coordinated TLE observations from ISUAL and the 
ground campaign are for ISUAL geolocation accuracy vali-
dation and also available for investigating TLE detection ef-
ficiency. It is only ~4 minutes as the FOV of ISUAL passes 
through the effective range of ground observation near Tai-
wan. After more than a decade of coordinated observations, 
there are only two events that have been simultaneously 
recorded by ISUAL and the Taiwan ground campaign. By 
reviewing all of the records in the Taiwan ground campaign, 
we confirmed that only two events have occurred in the 
same time window. This indicates that ISUAL could record 
at least all events with iCMC > 210 C km under the ground 
observation sensitivity. This means that the TLE occurrence 
rate recorded by ISUAL (Chen et al. 2008; Hsu et al. 2009) 
is the same as the one determined by ground observations.

5. cOncluSIOn

The ISUAL team has achieved the first coordinated 
observation from space and the ground. Spherical trigo-
nometry and systematic procedures were employed for the 
triangulation of TLEs. In comparison with the ground cam-
paign, the results indicate that geolocation accuracy is less 
than 7 km for the coordinated ISUAL and ground station 
observation. During the data analysis, it was found that the 
line of sight the ISUAL imager retrieved from quaternions 
has shifted 0.206° in the azimuth direction and -0.046° in 
the elevation direction, while the image also rotates 0.415°. 
After researching the geolocation error and the detection ef-
ficiency of ISUAL TLEs, we conclude that the TLE global 
distribution reported before is reliable (Chen et al. 2008; 
Hsu et al. 2009), and no event with iCMC > 210 C km is 
missed by ISUAL, in comparison with the detect efficiency 
of ground observation.

The spatial distribution of individual columns in the 
group columniform sprite was performed accurately, which 
indicates one is circularly arranged with a column sprite at 
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the center, and the others are arranged in parallel alignment 
or fan shape. This shows that the distribution patterns of 
columniform sprites are different from each other. The av-
erage base altitude, terminal altitude and diameter of each 
column of columniform sprites are 72.4 ± 2.4, 82.3 ± 1.8, 
and < 0.5 km, respectively. Using these results, we can in-
vestigate how the parent lightning will affect the distribu-
tion, the brightness, and the length of each column in the 
near future.
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AppendIx: The TRIAngulATIOn OF TleS

Assuming the Earth is a perfect sphere, the following 
equations on spherical trigonometry (Kells et al. 1951) are 
employed for the triangulation of TLEs, and the angle defi-
nitions are shown in Fig. A1.
(1) Spherical cosine formulae:
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(2) Spherical sine formulae:

sin
sin

sin
sin

sin
sin

A
a

B
b

E
e= =  (A2)

(3)  The equations mentioned above also lead to the four-part 
formulae:

cos sin cos sin sin cos cos
cos sin cos sin sin cos cos
cos sin cos sin sin cos cos
cos sin cos sin sin cos cos

A e a b a b E
B e b a b a E
E b e b e b A
B b b e b e A

= -
= -
= -
= -

 (A3)

Let the latitude, longitude and altitude of observation 
stations A and B be ( Ai , A} , hA) and ( Bi , B} , hB), and the 
azimuthal angle and elevation angle of an illuminant event 
E from each station are (AzA, α) and (AzB, β). Al, Bl, and 
El are the projection of A, B, and E on the spherical surface 
of the earth’s radius as shown in Fig. A1a. The interior angle 
of A B ED l l l are defined as A+ , B+ , and E+  and the geo-
centric angle corresponding to the sides of A B ED l l l are a = 

BOE+ , b = AOE+ , and e = AOB+ .
Using the following procedures, we can find out the 

latitude, longitude and altitude of the event E, ( Ei , E} , hE).
Step1: The geocentric angle e from N A BD l l l is obtained 
from ( A} , Ai ) and ( B} , Bi ) via spherical cosine formulae, 
where N is North Pole and λ is longitude difference. Notice 
that here the range of i and }  are 0 ≤ i ≤ 180° and 0 ≤ }  
< 360°.

cos cos cos sin sin cose
B A

A B A B

m } }

i i i i m

= -
= +

 (A4)

Step 2: The NA B+ l l and NB A+ l l are calculated by plug-
ging ( Ai , A} ) and ( Bi , B} ) into spherical sine formulae 
and four-part formulae.

tan sin cos sin cos cos
sin sinNA B

A B A B

B+
i i i i m

m i= -l l  (A5)

tan sin cos sin cos cos
sin sinNB A

B A AB A

A+
i i i i m

m i= -l l  (A6)

A+  and B+  are obtained by subtracting azimuthal angles 
AzA and AzB.

A NA B AzA+ += -l l  (A7)

B NB A AzB+ += +l l  (A8)

Notice that Eqs. (A7) and (A8) are valid only for the case 
shown in Fig. A1, if the El is located at the left side of the 
A Bl l curve, the relation will change.
Step 3: Then calculate E+  in A B ED l l l from spherical co-
sine formulae:

cos cos cos sin sin cosE B A B A e= - +  (A9)

At the results, the geocentric angle a+  and b+  are:

sin sin
sin sina E

e A=  (A10)

sin sin
sin sinb E

e B=  (A11)

Step 4: The latitude of E ( Ei ) is obtained from spherical 
cosine formulae in NE AD l l,

cos cos cos sin sin cosb b AzE A A Ai i i= +  (A12)

Using the spherical sine formulae and four-part formulae, 
the longitude of E ( E} ) can be found from the longitude 
difference ( E A} }- ) which can be expressed as

( )tan sin cos cos sin cos
sin sin
e e A

e A
E A

A A
} }

i i
- = -  (A13)

Step 5: In ΔOEB, OE = hE + Re, OB = hB + Re. (Re is earth 
radius.). OBE+  = 90 + β, OEB+  = 90 - β - a, the altitude of 

(a) (b)

Fig. A1. The definition of angles and location of stations A, B, and 
event E on the earth. (Color online only)
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E, hE, could be inferred from planar sine formulae

( ) ( )sin sinh a
OB R90 90E eb

b= - - + -  (A14)

Use the same way, hE could also be estimated from ΔOEA,

( ) ( )sin sinh OA Rb90 90E ea
a= - - + -  (A15)

Step 6: For ideal case, the altitude of event hE estimated from 
Eqs. (A14) and (A15) will be the same. However, for real-
istic case, it is hard to identify the same position point of 
the event on two images recorded from two different sites. 

Therefore, the following optimization process is needed. (A) 
According to the sprite feature, identify the corresponding 
areas (~5 pixels × 5 pixels) on two images for triangulation. 
(B) Repeat the triangulation procedure from steps 1 to 5 for 
every pair of pixels which are selected from each area. (C) 
Estimate the altitude of event, hE, from Eqs. (A14) and (A15) 
for every pair of pixel. (D) Figure out the pixel pair, which 
has a minimum difference between altitudes estimated in 
(C). (E) Finally, check that the minimum altitude differ-
ence must be comparable to the observation precision, say 
one pixel, and the error propagation in the calculation. For 
ground observation, the event is about 300 km away from to 
station, and then one pixel corresponds to about 0.2 km. For 
the satellite observation the event is about 3000 km away 
from ISUAL, and one pixel corresponds to about 2 km.


